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Periodic modulations can produce complex non-equilibrium states of quantum systems, in particular,
associated with Quantum Chaos phenomena. Well-understood within the Hamiltonian framework,
these phenomena is much less explored in open quantum systems. Here we consider non-equilibrium
spin-photonic states which occur in an open QED system. The Kerr-nonlinear cavity is periodically
modulated in time by coherent pumping the intra-cavity photonic mode. We demonstrate that even
a single spin, place inside the cavity and coupled to the mode, can induce transitions between regular
and chaotic regimes and could be used to control the degree of chaos, characterized by the positive
quantum Lyapunov exponents. In an experiment, their non-invasive inference can be brought by the
cavity photon emission waiting time statistics.
INTRODUCTION
Real-life realizations of nano- and opto-mechanical sys-
tems [1, 2] and superconductive circuits [3] make their
complete isolation from surrounding environment practi-
cally impossible. The ideal coherent quantum evolution is
only an approximation of the experimental reality whose
validity is restricted to certain timescales. The asymp-
totic states of these systems are sculpted not only by their
internal dynamics but also by the action of their envi-
ronments. The resulting effects, commonly referred to as
“dissipation”, drive a quantum system to an asymptotic
state, a quantum attractor, that can be no less complex
that its Hamiltonian predecessor [4–6]. The other degree
of control can be obtained by time-periodic modulations
that in case of coherent systems can create a set of non-
equilibrium eigenstates. Known as Floquet states, they
are distinctly different from the quantum states exhibited
by the same system in the stationary limit [7, 8]. The
interplay between decoherence and periodic modulation
creates novel quantum attractor states, which understand-
ing is still far from complete [10–14].
Solid-state cavity QED systems [9, 15] are a good choice
as theoretical and experimental testbeds, mainly because
of their flexibility and ability to reproduce in vitro quan-
tum effects at relatively low cost (as compared to similar
quantum optical setups). Advances in the field of solid-
state technologies allow to fabricate a single semiconduc-
tor quantum dot and embed it into a microcavity. This
technology serves dots with spectra having a few (from
two to four) levels and transition frequencies going from
the infrared to ultraviolet ends of the electromagnetic
spectrum, with controllable interactions between the cav-
ity modes and excitons [16, 17]. The small number of
energy levels make such quantum dots most suitable can-
didates for the realization of qubits (or qudits), while the
communication between different qubits can be mediated
by the cavity modes. The basic cavity QED model is a
two-level system, with two internal states, ground and
excited ones, placed inside an optical microcavity.
In our recent work [18] we showed, that the photonic
mode itself in the open and periodically modulated Kerr-
nonlinear cavity demonstrates a transition from regular
dynamics to dissipative quantum chaos, characterized by
the positive quantum Lyapunov exponent [19]. This effect
is associated with the change from exponential waiting-
time distributions of cavity photon emission waiting times
to the intermediate power-law scaling, that is feasible for
experimental observation.
In this paper we study collective spin-photonic states,
emerging when a single two-level system is placed in the
cavity, couples to the photon mode and brings in a new
dissipative channel. We demonstrate that the single spin
can strongly modify the cavity dynamics, inducing phonon
depopulation and regularization or increasing chaoticity,
depending on the strength of time-periodic pumping of
the photon mode. The non-invasive inference of the intra-
cavity dynamics is possible by analysing the cavity photon
emission statistics.
MODEL
We consider a photonic mode in a leaky Kerr-nonlinear
cavity, periodically modulated by an external coherent
electromagnetic field [20, 21]. The cavity contains a single
spin that is couple to the photonic mode, so that the
system is governed by the Hamiltonian
H(t) = H(s) +H(s&p) +H(p)(t),
H(s) =
δ
2
Jz,
H(s&p) =
g
2
(
a†J− + J+a
)
,
H(p)(t) =
1
2
χa†a†aa+ iF (t)
(
a† − a) .
(1)
Here, χ is the photon interaction strength, effective
nonlinearity, aˆ† and aˆ are photon creation and annihilation
operators, and nˆ = aˆ†aˆ is the photon number operator.
F (t) = F (t + T ) describes the two-valued quench-like
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2driving of period T ; more specifically, F (t) = A within
0 < t ≤ T/2 and F (t) = 0 for the second half period
T/2 < t ≤ T . Jz, J+, J− are spin operators, δ is detuning
of the resonant frequency of spins from the frequency of
the optical mode, g is the strength of the spin-photon
coupling.
The evolution of the system is modelled with the Lind-
blad master equation [4, 22]:
%˙ = L(%) = −i[H, %] +D(%), (2)
where the first term in the r.h.s. captures the unitary
evolution of the system, determined by Hamiltonian (1),
while the second term refers to the coupling to environ-
ment.
The model system admits two dissipation mechanisms.
First, photons can be emitted from the cavity, and the
rate of this process is given by the constant γ. Second,
there is spontaneous spin relaxation to the ground state.
The rate of this process is determined by the constant w.
Accordingly, dissipation is modelled by two Liouville
operators:
D(%) = Lcav(%) + Lspin(%),
Lcav(%) = γ
(
a%a† − 1
2
a†a%− 1
2
%a†a
)
,
Lspin(%) = ω
(
σ−%σ+ − 1
2
σ+σ−%− 1
2
%σ+σ−
)
.
(3)
In numerics, we limit the number of photons in the
cavity mode by N and the number of spins to 1 so that
the system space has dimension 2(N+1). Parameter N is
chosen to be large enough so that the average number of
photons in the cavity, 〈Nph〉, is substantially smaller than
N . 〈Nph〉 depends on parameters of Hamiltonian; yet
the main control parameter, which determines the mean
number of photons, is the coupling χ [20, 21]. Throughout
the paper we set χ = 0.008, γ = 0.1. It corresponds to
〈Nph〉 ∼ 50 so we set N = 300.
METHODS
In simulations, we use quantum Monte-Carlo wave
function method to unravel deterministic equation (2)
into an ensemble of quantum trajectories [23–26]. It
allows for describing the evolution of the model system
in terms of ensemble of pure states, ψ(t), governed by an
effective non-Hermitian Hamiltonian [20, 21],
ψ˙ = Hψ − i
2
V †V ψ. (4)
The norm of the wave function decays according to
d
dt
||ψ|| = −ψ∗V †V ψ, (5)
and as it reaches a threshold η, repeatedly chosen as i.i.d.
random number from [0, 1], a random jump is performed,
and the norm is reset to ||ψ(t)|| = 1. Then continuous
non-unitary evolution, Eq. (5), is repeated again, until
the next quantum jump occurs, etc. For the model given
by Eqs.(1,2,3), a quantum jump with rate γ corresponds
to an emission of a single photon which is detected by a
photodetector [27].
The density matrix can then be sampled from a set of
Mr realizations as %(tp;Mr) =
1
Mr
∑Mr
j=1 |ψj(tp)〉 〈ψj(tp)|,
which, given an initial pure state ψinit for Eq. (4), con-
verges towards the solution of Eq. (2) at time tp for the
initial density matrix %init = |ψinit〉 〈ψinit|.
Following Refs. [20, 21], we make use of the complex-
valued observable of the non-Hermitian photon annihila-
tion operator:
θ(t) = 〈ψ†(t)|a|ψ(t)〉. (6)
Additionally, we calculate the following observables for
the spin subsystem:
ν(t) = 〈ψ†(t)|J+|ψ(t)〉,
η(t) = 〈ψ†(t)|Jz|ψ(t)〉.
(7)
To calculate the largest Lyapunov exponent (LE), we
use the recently developed method based on a parallel
evolution of fiducial and auxiliary trajectories, ψf (t) and
ψa(t), under Eq. (4) [19], in the spirit of the classical LE
calculation [28]. The distance between the trajectories is
calculated as the absolute difference between observables
θ. We implement a high-performance realization of the
quantum jumps method [29] to generate Mr = 10
2 differ-
ent trajectories. First we allow each trajectory to evolve
up to time t0 = 10T in order to arrive to the asymptotic
regime, and then we follow the dynamics of fiducial and
auxiliary trajectories up to time t = 10T .
RESULTS
The previously studied dynamics of the photonic mode
in the periodically modulated in time Kerr-nonlinear cav-
ity serves as the reference case [18]. Eqs.(1)-(3) reproduce
this case by formally setting δ = 0, g = 0, ω = 0. In
this case, the spin subsystem has no effect on the photon
subsystem and the only dissipation channel is photon
emission by cavity.
Figure 1 shows the largest LE as a function of amplitude
A and period T [18]. It follows that for the relatively
small values of the modulation period and amplitude the
system remains in the regular regime, characterized by
the negative LE. Increasing each of the control parameters
drives the system into quantum chaotic regime, interlayed
with regularity windows.
Now we ‘switch on’ the coupling between the spin and
photonic subsystems, g 6= 0, and study systematically
3Figure 1. (Color online) Color-coded largest LE as a function
of amplitude A and period T of the modulation for the system
Eqs.(1)-(3) with disabled spin subsystem (δ = 0, g = 0, ω = 0).
the phase diagrams in dependence on its strength. We
start with the case of moderate (order 1) spin-photonic
interaction. Figure 2(a) shows the largest LE as a function
of amplitude A and period T for g = 1 (here and in the
following δ = 1, ω = 0.05). It follows, that while the
structure of regular and chaotic zones remains essentially
intact, the value of the LE consistently increases. In other
words, coupling to the spin degree of freedom enhances
the chaoticity of cavity dynamics.
For strong spin-photon coupling, we observe two oppo-
10
20
30
40
50
-0.04
-0.02
0
0.02
0.04
0.06
2
4
6
8
10
1 2 3 4 5 1 2 3 4 5
(a)
(с)
(b)
(d)
Figure 2. Largest LE in dependence on the modulation
amplitude A and period T for the cavity with spin-photonic
coupling for (a) g = 1 and (b) g = 10. On (a) the blue line
corresponds to T = 20 and the green line to T = 40. Largest
LE in dependence on A and g for (c) T = 20 and (d) T = 40.
The blue and green lines mark g = 1, cyan and magenta on (d)
correspond to A = 0.5 and A = 2.75, respectively, cf. Fig.3.
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Figure 3. Observables (θ, ν, η) and the largest LE vs spin-
photonic coupling g for (a) A = 0.5 and (b) A = 2.75 (cyan
and magenta lines on Fig.2(d)) respectively. Here T = 40.
site trends. For strong modulation, A > 1, still greater g
yields greater LEs. At the same time, for weak modula-
tion, A < 1, the increase of spin-photon coupling leads to
regularization of dynamics, as manifested by the negative
LE.
Next, we take two values of the modulation period,
T = 20 and T = 40, and vary the spin-photon coupling g.
Figures 2(b) and 2(c) show the largest LE as a function
of amplitude A and coupling g for the cavity with single
spin interaction (δ = 1 ω = 0.05) for T = 20 and T = 40
respectively. The already noted scenarios for weak and
strong modulation amplitudes are reproduced.
To get a deeper insight, we plot the histograms for
the observables (θ, ν, η) for the simulated quantum tra-
jectories, along with the largest LE versus spin-photonic
coupling g for the two modulation amplitudes, A = 0.5
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Figure 4. (Color online) Dynamics of spin operator Jz and
photon number n expectations for signle quantum trajectories.
Transition from chaos to regular dynamics due to spin-induced
photon leaking for weak modulation, A = 0.5: (a) g = 1 and
(b) g = 10. Increasing irregularity following the growth of
spin-photon coupling for strong modulation, A = 3: (c) g = 1
and (d) g = 10. Here T = 40.
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Figure 5. (Color online) LE and the power-law fit exponent
α for the probability distribution of time intervals between
cavity photon emissions, PDF (∆t) ∼ t−α in dependence on
modulation amplitude, A. Here g = 1.
and A = 2.75, cf. Figure 3. For the modulation amplitude
A = 0.5 we indeed observe that the Lyapunov exponent
decreases and eventually becomes negative at g ∼ 6 . . . 7.
Figure 3(a) illustrates the corresponding change of the
quantum attractor in projection on observables, from the
complex structure to a fixed point.
At variance, for the modulation amplitude A = 2.75,
one observes that the initially regular regime, for g =
0, becomes chaotic with increased coupling to the spin
subsystem, so that the LE becomes positive first, and
then gradually increases, cf. Figure 3(b).
Analysis of the spin operator projection Jz and photon
number nˆ expectations dynamics for single quantum tra-
jectories gives a clue to understand observations (Fig.4).
Indeed, one notices that the transition from a highly ir-
regular dynamics at low modulation amplitude, A = 0.5,
and moderate spin-photon coupling, g = 1, to an almost
periodic behavior at g = 10, is characterized by an al-
most complete washing out of photons from the cavity
(Fig.4(a,b)). It is seen that an increasing expectation
number of photons immediately leads to an uprise of spin
projection expectation from the ground level, which is
quickly dissipated then. Stronger modulation amplitudes
are required to compensate for this disspation channel, as
it follows form Fig.4(c,d).
The rich chaotic and regular dynamics of the system
has been demonstrated by the computational analysis so
far. Estimating LE in the physical experiment is hard, if
possible at all. One effect, however, the dropped photon
mode population number, and thus the rate of photon
emission from the cavity would be easily detectable. Can
one obtain a more detailed and non-invasive probe of the
intra-cavity dynamics?
Recently, we demonstrated that the onset of dissipa-
tive quantum chaos is associated with formation of the
power-law interval in the probability density function
of waiting times between cavity photon emissions [18].
That work exemplified in the model of the spin-free pho-
tonic mode open cavity, which implies a single dissipation
channel. However, we expected that this observation
can be generalized. Indeed, the exponent of the power-
law fit of the photon emission waiting time distribution
PDF (∆t) ∼ ∆t−α compared against the LE, manifests
a notable correspondence (Fig.5). Therefore, measuring
the cavity photon emission statistics allows for inferring
the degree of intra-cavity chaos, characterized by LE, at
least, qualitatively.
CONCLUSIONS
Cavity QED systems become a popular theoretical
and experimental testbed to investigate complex non-
equilibrium quantum regimes and their potential in appli-
cations, to name quantum computations and metrology.
Such systems are inherently open and subject to deco-
herence effects, which, in particular, leads to the novel
quantum chaotic phenomena, in the dissipative frame-
work.
The presented results touch an intricate case, when
the intra-cavity dynamics is governed by an interplay
between the periodic pumping, dissipation, and spin-
photon coupling. Previously, it has been demonstrated
that non-equilibrium photonic states can display dissipa-
tive quantum chaos with positive LE. Here we showed that
spin-photon interaction significantly changes the phase
diagram. In particular, for weak amplitude modulation
the collective states loose chaoticity due to effective oper-
ation of the spin dissipation channel and photon washing
out of the system. On the opposite, strong amplitude
modulation counterbalance dissipation and the degree of
chaos in the system increases. Remarkably, the quantum
LE can be estimated by a non-invasive experimentally
feasible measurement. That is, the statistical distribution
of waiting times between emissions of photons from the
cavity has a power-law interval in the chaotic regime, and
the power-law exponent appears to reflect the variations
of the LE.
The findings suggest generalization to problem of sev-
eral spins in the cavity, interacting to each other and
coupled to the photon mode, as well as accommodat-
ing disorder and the effects of many-body localization,
challenging to the future theoretical and experimental
study.
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